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Abstract

Wiedijk has a famous list of 100 mathematical theorems whose formalization is sought in
a proof assistant. David and Palsberg recently announced a similar list restricted to quantum
information theory. The latter subject has been intensively formalized by Meiburg. In this
article our aim is twofold: (1) to answer the challenge of David and Palsberg by supplying
a solution to a finite-dimensional version of their problem #54: formalize the Stinespring
dilation theorem; (2) answer an unpublished challenge by Meiburg to formalize quantum
finite automata.

1 Introduction

In this project we formalize parts of the article Unbounded length minimal synchronizing words
for quantum channels over qutrits [5] and notions in quantum information theory.

In particular we formalize the notion of a measure-once one-way general quantum finite au-
tomaton (MO-1gQFA) introduced by Li, Qiu, Zou, Li, Wu, Mateus [6] in 2012. As an alternative
to “MO-1gQFA” we refer to these simply as Kraus operator automata. In particular we formalize
cut-point languages as in [9] who call the automata “RT-QFA” (real-time QFA).

The paper addresses two needs or request by other researchers:

Marco David and Jens Palsberg posted a list of Top 100 Quantum Theorems on March 11,
2026, at https://marcodavid.net/top100. We include a matrix version of #54 on their list,
the Stinespring Dilation Theorem.

Meiburg, Lessa and Soldati [8] formalized a result from Hayashi and Yamasaki [2] in the proof
assistant Lean, giving a corrected proof of the Generalized Quantum Stein’s Lemma. The latter
is an important result in operational quantum information theory going back to Hiai and Petz
[3].

In the course of formalizing this monumental result they build a library Lean-QuantumInfo
[7] containing large parts of quantum information theory.

One notable missing and sought-after ingredient in Lean-Quantuminfo is the theory of quan-
tum finite automata. In the project Kraus [4] we partially remedy this. In particular, we
formalize the language of a measure-once real-time QFA [9, 6] in terms of Mathlib’s probability
mass functions (PMF) and compute some examples related to the Kraus operators in this paper
and in Grudka et al’s paper [1]. Most results are proved for the two fields R and C, encapsulated
in Lean’s mathematics library Mathlib4 by the RCLike typeclass.

The list collects 100 important theorems in quantum physics, quantum information and
quantum computing. It was inspired by the list of the top 100 mathematical theorems of which
Freek Wiedijk tracks the formalization progress (Figure 1).
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2 Formalizing QFAs

The following definitions and lemmas were generated by the Gemini 3 agent when asked to
translate our Lean code from [4] into IWTEX and English.
First, operator “sandwiches”.

Definition 1 (Kraus Map). Let R be a star-ring with an additive commutative monoid structure.
Given a family of matrices { K, };_; € M (R), the Kraus application map ® : M, (R) — M, (R)
is defined as the completely positive map:

r—1
O(p) =Y K,pK] (1)
1=0

where K;f denotes the conjugate transpose of the i-th Kraus operator K.

Lemma 2 (Kraus Map Preserves PSD). Let p € M (R) be a positive semi-definite matriz
(p > 0). Then for any Kraus operators {K,}, the result of the map

B(p) =Y Kipk]

is also positive semi-definite.

Proof. For each i, since p > 0, the conjugation KipK;[ is positive semi-definite. Because the sum
of positive semi-definite matrices is also positive semi-definite, it follows that » . K;pK J >0. O

Quantum State and Operation Definitions

Definition 3 (Quantum Channel / TP Condition). A set of Kraus operators {K,};_; C M,(C)
defines a quantum channel (or a trace-preserving map) if they satisfy the completeness relation:

Y KK, =1, (2)
i=1

where I, is the ¢ x ¢ identity matrix.

Definition 4 (Quantum Operation). A set of Kraus operators {K;};_; C M,(C) defines a
quantum operation if they satisfy:

Y KIK, <1, 3)
i=1

In this context, < denotes the Loewner order, meaning I, — > K;L K, is a positive semi-definite
matrix.

Definition 5 (Density Matrix). A matrix p € M, (C) is a density matrix (or a normalized
state) if it satisfies:

1. p > 0 (Positive semi-definite)

2. Tr(p) =1 (Normalization)



Definition 6 (Sub-normalized Density Matrix). A matrix p € M (C) is a sub-normalized
density matrix if it satisfies:

1. p > 0 (Positive semi-definite)
2. Tr(p) <1
These often represent states after a non-deterministic measurement.

Lemma 7 (Trace Preservation of Quantum Channels). Let ® : M (C) — M, (C) be a map defined

by a set of Kraus operators {K;}]_, satisfying the quantum channel condition ), KJKZ- =1,
Then for any p € M,(C), the trace is preserved:

Tr(®(p)) = Tr(p) (4)

Proof. By the linearity and cyclic property of the trace, Tr(}, King) =2 Tr(KJKip) =
Tr((3, K[ K;)p) = Tr(I,p) = Tx(p). O

Proposition 8 (Trace-Preserving Property). Let ® be a quantum channel defined by Kraus
operators {K;} such that ), K;fKZ- = 1. If p is a normalized matriz with Tr(p) = 1, then the
output of the channel is also normalized:

Tr(®(p)) = 1 (5)

Definition 9 (Quantum Channel Map on Density Matrices). Let D, denote the set of ¢ X ¢
density matrices (positive semi-definite matrices with unit trace). A quantum channel ® induces
a well-defined map:

¢:D, - D, (6)

mapping p Zl KipK;f . This map is well-defined because it preserves both the positive semi-
definite property and the unit trace of the input state.

Definition 10 (Quantum Word Map). Let ¥ be an alphabet and X" : ¥ — (Fin r — M (R))
be a function mapping each symbol to a Kraus family. For a word w of length n, the iterated
application map 6" : (Fin n — %) — M, (R) — M, (R) is defined recursively by:

) oy ifn=20
0 (Uhp) = {(bw(nl) ((5*(init(w),P)) ifn>0 (7)

where ®,(0) = ZieFin i, KWUKT is the completely positive map associated with the symbol

a,i

a € ¥, and init(w) denotes the prefix of the word of length n — 1.

Theorem 11 (Stability of Quantum Word Processing). Let ¥ be an alphabet where each symbol
a € X is associated with a quantum channel ®, (satisfying ). K;iKM = 1). For any word
w € X" and any initial density matriz p, the state after processing the word, p,, = 0*(w,p),
satisfies:

1. p,, > 0 (Positive Semi-definiteness)
2. Tr(p,) =1 (Trace Preservation)

In other words, 0*(w,-) is a well-defined map from D, to D,.



Proof. By induction on the length of the word n:
o Base case (n =0): 6*(¢, p) = p, which is a density matrix by hypothesis.

e Inductive step: Assume p,, is a density matrix for a word of length m. For a word
w = wa, p, = P,(p,)- Since &, is a quantum channel, it preserves both the PSD
property and the unit trace of p,,,.

O

Proceeding this way, eventually we get to defining positive operator valued measure in terms
of a PMF (probability mass function) where the probability of outcome e; is the trace of the
product of the density matrix and the corresponding pure state:

Definition 12 (Computational Basis Measurement PMF). Let p € M, (C) be a density matrix
(p > 0 and Tr(p) = 1). Let {e;}¥ , be the standard basis vectors in C*, where e, has a 1 at
index ¢ and 0 elsewhere. The pure state projection associated with outcome ¢ is defined as:

P, = eieiT (8)

The resulting probability mass function (PMF) over the set of outcomes {1, ..., k} is defined by
the assignment:
Prob(i) = Re(Tr(P;p)) (9)

Next we turn this into a Bernoulli probability measure by declaring that a specific e, is the
accepted subspace:

Definition 13 (Binary Acceptance PMF). Let p € M, (R) be a density matrix, and let acc €
{1,...,k} be the designated acceptance index. The probability distribution over the outcomes
{0,1} (Reject, Accept) is given by the PMF:

N Tr(Pacc ) lfl =1 (Accept)
e {Tr«f— o) if i =0 (Reject) v

where P, .. = e,..e/] .. is the projection onto the accepting basis state.

Finally we get to the measure-once language accepted by our quantum finite automaton, with
cutpoint 1/2:

Definition 14 (MO-QFA Language Acceptance). Let A = (X, X, py, Pyee) be a Measure-Once
Quantum Finite Automaton. The language accepted by A with cutpoint A = % is the set of
words:

L(A) = {0 e S | Tr(Pc 8w ) > 3 } (11)

where:
o §*(w, py) is the state after processing word w.

e P =e,.e.. isthe projection onto the accepting state.

e The index 1 in the probability mass function represents the “Accept” outcome.

Lemma 15. A probability mass function on two orthogonal projections P, P*, with measure
equal to the trace of the density matriz p times the projection.



Definition 16. Transition function §* corresponding to a word over an alphabet, where each
symbol is mapped to a completely positive map in Kraus form, of rank at most r.

Some other formal lemmas, that we only describe stenographically, include:

Lemma 17. A projection-valued measure, with measure equal to the trace of the density matriz
p times the projection.

Lemma 18. If A and B are PSD then AB has nonnegative trace.

Lemma 19. If P is a projection and p is PSD then the trace of Pp is nonnegative.
Definition 20. Projection-valued measure.

Definition 21. Quantum channel.

Lemma 22. Kraus operators preserve the PSD property.

Lemma 23. An automaton based on a quantum channel maps density matrices to density
matrices while reading a single letter.

Lemma 24. An automaton based on a quantum channel maps density matrices to density
matrices while reading a word.

Lemma 25. A basis state density matriz has trace one.

Lemma 26. A pure state is PSD.

3 Stinespring dilation

We now switch gears to consider the Stinespring dilation, in matrix form.

Stinespring Dilation and Partial Trace

Definition 27 (Partial Trace). Let p € M,,,,(C) be a density matrix on a composite system
H 4 ® Hp. The partial trace over the right subsystem (H p) is the map Trg : M,,,.(C) —
M, (C) defined by the components:

m

a0 = > P (12)
k=1

Definition 28 (Stinespring Operator). Given a Kraus family {K;},_, € M, (C), the Stine-
spring operator V € M (C) is defined as:

mrxm
V=> K, ®e, (13)
i=1

where e, are the standard basis vectors of the environment space C".

Definition 29 (Stinespring Dilation). The Stinespring dilation of a state p relative to the
operator V is the matrix in the enlarged space:

Stinespring(p, V) = VpV'T (14)

It follows that the original Kraus map is recovered by ®(p) = Trz(VpV'T).



Here is the main result towards answering Question #54 of David and Palsberg.

Theorem 30 (Equivalence of Kraus and Stinespring Forms). Let {K,}7_; C M, (C) be a family
of Kraus operators and p € M,,(C) be a density matriz. Let V =) K, ®e; be the Stinespring
operator. Then:

Trp(Vpvt) =" Kpk| (15)
i=1

where Trp denotes the partial trace over the environment space C”.

Proof. By the definition of the Stinespring operator V', we have:

VpVi = (ZKz ®ei) p (ZK; ®eﬂT) =D _(KipK])  (ee])

,J
Applying the partial trace Try to each term in the sum:

TrB((KiPK]T) ® (eie;D = (KiPKJT) Tr(eie;)

Since Tr(e;e; ) = §;; (the Kronecker delta), the double sum collapses to:

J
ZKiPKzT
i

which is exactly the Kraus representation ®(p). O

We end with a sophisticated construction addressing a common problem in quantum infor-
mation: if you have a Quantum Operation (which is trace-decreasing, ZKZT K, < I), how do

you “complete” it into a full Quantum Channel (which is trace-preserving, > K;K ;=1)7

Definition 31 (Kraus Completion). Let {K;}_; C M,,(C) be a family of operators satisfying

the trace-non-increasing (TNI) condition ). K;r K, <I. The orthogonal CPTP completion
is the operator V, € M, (r11)xm (C) defined block-wise as:

comp
Ky

Veomp = K:.T where A = (16)
A

In Lean notation, this is represented by branching on the index x.2: using the Stinespring
operator for the first r indices and the deficit root A for the last index.

Theorem 32 (Isometry Property). If the initial operators satisfy ZZ. KJKZ» < I, then the com-

pletion V..., is an isometry, i.e.,

ViompV,

comp

I (17)

4 Conclusion

We have chosen a somewhat concrete approach to formalization of quantum information theory
using matrices. This has the advantage that it is reasonably feasible to construct examples (such
as those used to obtain synchronizing words in [5]). On the other hand, for eventual inclusion
in Lean’s Mathlib, a higher level of generality is needed. A natural next step for the Stinespring
dilation is to formalize the unitary extension, also known as “going to the church of the larger
Hilbert space”. For quantum finite automata there is a lot that can be done including formalizing
a version of quantum automatic complexity.
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